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Abstract. We show that the proof of Luna's conjecture about the classifica- 
tion of general wonderful G- varieties can be reduced to the analysis of finitely 
many families of primitive cases. We work out all primitive cases arising with 
any classical group G. 



Luna's conjecture states that, for any semisimple complex algebraic group G, 
wonderful G-varieties are classified by spherical systems of G (^12J). 

This has been proved for any G adjoint with simply laced Dynkin diagram (|12l[5l 
H]) or under other special hypotheses ([131 [3]): one reduces to the case of primitive 
spherical systems, which can be listed, and shows that any primitive spherical 
system can be realized as the spherical system of a (unique) wonderful variety. 

Afterwards, the uniqueness part of the conjecture has been proved in general, 
with different methods ( fill j ) . 

Here we follow the approach of |12j . The argument of reduction to the primitive 
spherical systems is adapted to the general adjoint (not necessarily simply laced) 
case. In other words, we show that, in order to complete the proof of the conjecture, 
it is enough to prove that there exists a wonderful variety with any given primitive 
spherical system. 

The list of primitive spherical systems is given in [2] . 

Although it would be possible, we do not prove the existence of all the corre- 
sponding wonderful varieties. The list is very long and other general proofs of the 
conjecture seem now possible (fTl, H]). 

We rather make use of further ideas coming from [lOj and [4] to explain that it 
is possible to reduce the analysis to a smaller class of spherical systems: without 
quotients of higher defect. We also give a further special reduction argument to 
spherical systems without tails. 

Finally, we analyze some relevant primitive spherical systems, mainly of type B 
and C. Together with [121 IS [3] this completes the explicit case- by-case checking of 
Luna's conjecture for any G of classical type. 



1. Wonderful varieties and spherical systems 

1.1. Basic definitions. Let G be a semisimple complex algebraic group, T a maxi- 
mal torus, B a Borel subgroup containing T, S the corresponding set of simple roots 
of the root system of {G,T). For all S' C S, Ps' denotes the corresponding para- 
bolic subgroup containing B (namely, S' is a set of simple roots of the root system 
of (L, T), where L = Ls' is the Levi subgroup of Ps' containing T). Similarly, P^s' 
denotes the opposite parabolic subgroup of Ps' , with respect to the maximal torus 
T. 
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Definition 1.1.1. A G- variety is called wonderful of rank r if it is smooth, com- 
plete, with r smooth prime G-divisors Di, . . . , Dr with normal crossings, such that 
the G-orbit closures are exactly all the intersections Di^iDi, for any / C {!,..., ?■}. 

We will always assume that the center of G acts trivially on a wonderful G- 
variety. This is justified by the results of Luna in jl2j . where the classification is 
reduced to the case where G is adjoint. 

A wonderful G- variety is known to be projective and spherical, see [llj . 

Let X be a wonderful G- variety. There exists a unique point z G X stabilized 
by i?_ (where is the Borel subgroup opposite to B with respect to T, i.e. 
B- n B — T). The orbit G.z is the (unique) closed orbit, Cil^iDi; the parabolic 
subgroup opposite to Gz will be denoted by Px ■ Set such that Px — Ps'^ ■ 

The T-weights occurring in the normal space T^X/TzCz of G.z at z are called 
spherical roots, their set is denoted by Ex. Spherical roots are in bijective corre- 
spondence with prime G-divisors, say cr ^ _D°', and form a basis of the lattice of 
B-weights in C(X) (we are identifying _B-weights with T-weights). 

The not G-stable prime i?-divisors of X are called colors, their set is denoted 
by Ax. The colors are representatives of a basis of PicX, so one can define a 
Z-bilinear pairing, called Cartan pairing, cx '■ ZAx x ZEx ^ ^ such that [D°'] = 

For aU a G 5, set Ax{a) = {D e Ax : P{a}-D ^ D}. One has UagsAx(a) = 
Ax and, for all a G 5, card(Ax(a)) < 2. Clearly, a G 5^ if and only if Ax (a) = 
0. Moreover, if D G Ax(a) and card(Ax(a)) — 1 then cx{D,—) is uniquely 
determined by a. One has card(Ax(Q;)) = 2 if and only if a G 5nEx, in this case, 
say Ax(q:) — cx{D'^ ,~) and cx{D^ are not always determined 

by a, but their sum is. Let Ax denote the subset of colors D G yJaesn^x^x{ot) 
endowed with the Z- linear functionals cx{D,—). 

Definition 1.1.2. The datum of (5^, Sx, Ax), also denoted by 5^x, is called the 
spherical system of X. 

Any G-orbit closure X' of X is a wonderful G-variety itself. Its set of spherical 
roots S' = Sx' is a subset of Ex, and X' is called the localization of X with 
respect to E' and denoted by X' ~ X^i . The spherical system of X' is given by 
S'x' = S^, Sx' = E' and Ax', which can be identified with the subset of colors 
D G UaesnS' Ax(a); one has cx'{D,a) = cx{D,a) for all a G E'. 

In particular, any spherical root of X is the spherical root of a wonderful G- 
variety of rank 1. The wonderful G- varieties of rank 1 are well known, for all G. 
The finite set of spherical roots of wonderful G-varieties of rank 1 is denoted by 
E(G). 

The spherical system of X is determined by the spherical systems of all the 
localizations X^i of rank 2 (actually, it is enough to restrict to the localizations 
of rank 1 and those of rank 2 with a simple spherical root). Furthermore, the 
wonderful G-varieties of rank 2 are known, for all G. 

1.2. Spherical systems. A spherical system of G of rank r < 2 is, by definition, 
the spherical system of a wonderful G-variety of rank r. Wonderful G-varieties of 
rank r < 2 are classified by spherical systems of G of rank r. 

Definition 1.2.1. A spherical system of G (of rank equal to cardE > 2) is a triple 
S'^ C 5, E C E(G) and A = UQgsnEA(a), endowed with a Z-bihnear pairing 
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c: ZA X ZS ^ Z, such that for all S' C S with cardE' = 2 the triple Sp, S' 
and As' = UaesnS' A(q;), with the restriction of c, is the spherical system of a 
wonderful G- variety of rank 2. 

Conjecture 1.2.1 ( 12J). Wonderful G-varieties are classified by spherical systems 
ofG. 

2. Geometric constructions 

2.1. The set of all colors. Given an abstract spherical system = (S'^,E,A) 
for a given adjoint group G, it is possible to define a set A D A of its colors (and 
a corresponding extension of c), which plays the role of Ax. Following [12] and its 
notations, we identify each element in A \ A with the simple roots it is moved by. 
This gives a disjoint union: 

A = A U A"' U A** 

The set A" is the set of simple roots a such that 2a is a spherical root. For such 
a color D, we have c{D, — ) = ^(a^, — ). The set A^ is: 

where a ^ /3 if a = /3, or if a ± /3 and a + /3 G S. For such a color D, we have 
c{D,—) — (a^,— ), for a any representative of the ^-equivalence class associated 
to D. 

2.2. Localization and morphisms. Let X be a wonderful variety and S' a subset 
of S. Consider a Levi subgroup Ls' of the parabolic subgroup Ps'] the variety X 
contains a well defined wonderful is'-subvariety Xs', called the localization of X 
in 5" (see [12] for details). Its spherical system satisfies: S^^^ — D S'; the set 
Sxg, is the set of spherical roots of X whose support is contained in S"; the set 
Axg, is the union of Ax (a) for all a G S" fl Sx ■ The localization of an abstract 
spherical system in S' is defined analogously. 

Certain classes of morphisms between wonderful varieties can be represented by 
subsets of the colors of the domain. Let / : X — > F be a surjective G-equivariant 
morphism between two wonderful G-varieties, and define A/ = {D E Ax | f{D) = 
Y}. Let now A' be a subset of Ax; we say that A' is distinguished if there ex- 
ists a linear combination S of elements of A' with positive coefficients, such that 
cx{S,(j) > for all spherical roots (T. We define the gMotient spherical system ^/ A' 
in the following way: 

(1) 5J/A' = {a e S I A(a) C A'}; 

(2) Ex /A' = the indecomposable elements (or equivalently the minimal gen- 
erators) of the semigroup {a E NEx | cx{S, <j) = OVS E A'}; 

(3) Ax/A' = U„eSns../A'A(a). 

The bilinear pairing for / A' is induced from cx in a natural way. 

We say that A' is (*)- distinguished, if it is distinguished and the set Ex/A' is a 
basis of the Z-module {a E ZEx | cx(cr, (5) = V(5 S A'}. 

Proposition 2.2.1 ([I2]). Let X be a wonderful G-variety. The map f ^ Af 
induces a bisection between the set of (*)- distinguished subsets of Ax and the set of 
equivalence classes of couples {f,Y) where f : X Y is a G-equivariant, surjective 
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map with connected fibers, and where the equivalence relation is induced naturally 
by G-equivariant isomorphisms Y Y' . 

In principle, a distinguished but not (*)-distinguished set of colors corresponds 
to a G-equivariant morphism X Y too. In this case Y satisfies the definition 
of a wonderful variety, except for the smoothness condition on Y and its prime G- 
divisors. Such a variety is also called the canonical embedding of its open G-orbit. 

On the other hand, there is no known example of a distinguished set of colors 
that is not (*)-distinguished, and we conjecture indeed that none exists in general. 

A (*)-distinguished subset A' C Ax is 

- smooth if Ex /A' C 'Sx', 

- homogeneous (or parabolic) if Ex/A' = 0. 

Proposition 2.2.2 f[12j). A G-equivariant, surjective map with connected fibers 
between wonderful varieties f : X Y is smooth if and only if Af is smooth. 
Moreover, Y is homogeneous if and only if Af is homogeneous. 

All the above definitions can be obviously given also for an abstract spherical system 

y. 

Definition 2.2.1. Let ^ be a spherical system with set of colors A, and Ai, A2 
two subsets of A. We say that Ai and A2 decompose y if: 

(1) Ai and A2 are non-empty and disjoint; 

(2) Ai, A2 and A3 = Ai U A2 are (*)-distinguished; 

(3) (E\(E/Ai))n(E\(E/A2)) = 0; 

(4) (5'P/Ai) \ S'P and (S'p/Az) \ 5*^ are orthogonal; 

(5) Ai or A2 are smooth. 

Definition 2.2.2. Let ^ be a spherical system. A color (5 G A is projective if 
c(<5, a) > for all cr G E. 

Definition 2.2.3. A spherical system y is primitive if supp(E) — S, there is no 
projective color, and there is no pair Ai, A2 C A decomposing y. 

2.3. Reduction to primitive spherical systems. To prove Conjecture 11.2.11 it 
is enough to show that there exists a (unique) wonderful G- variety with any given 
primitive spherical system. This is clear from the following: 

Proposition 2.3.1. Let y — (5p,E,A) be a spherical system ofG. If one of the 

following conditions is fullfilled then there exists a (unique) wonderful G-variety 
with y as spherical system. 

(1) There exist a proper subset S' of simple roots containing supp(E) and a 
(unique) wonderful L^, -variety Y with spherical system equal to the local- 
ization of y with respect to S' . 

(2) There exist two (*) -distinguished subsets of colors Ai and A2 decomposing 
y and for i = 1,2,3 there exists a (unique) wonderful G-variety Xi with 
spherical system equal to the quotient of y by Ai, where A3 — Ai U A2. 

(3) There exist a projective element (5 G A and a (unique) wonderful G-variety 
Xg with spherical system equal to the quotient of y by {S}. 

In the first two cases Proposition 12.3.11 has been proved in [12l Section 3] . In 
the first case X is G-isomorphic to the parabolic induction G*p^,Y. In the second 
case X is G-isomorphic to the fiber product Xi Xx^ X2. 
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In loc.cit. the third case has also been proved, but with some additional hypoth- 
esis: the support of 5 is requested to intersect only the support of simple spherical 
roots. The latter is always true if G has a simply laced Dynkin diagram. 

In i )3.2l we prove it in full generality. 

In loc.cit. it is also shown in general that, if X is a wonderful G- variety with 
(S^, S, A) as spherical system with a projective element 5 G A, then the morphism 
associated to (5 is a projective fibration, namely smooth with fibers isomorphic to 
a projective space. 

3. Wonderful subgroups 
3.1. Finding the wonderful subgroup. 

3.1.1. Minimal inclusions. Let .y he a spherical system. In view of the following 
proposition, we say that is reductive if there exists a linear combination a of 
spherical roots with non-negative coefficients, such that c{5, u) > for all colors S. 

Proposition 3.1.1 (|12|). Let X be a wonderful variety, with generic stabilizer H . 
Then H is reductive if and only if ,5^ is reductive. 

Let — (E, S'P, A) be a spherical system with set of colors A, and suppose is 
not reductive. This should correspond to a wonderful subgroup H, where moreover 
H is contained in some proper parabolic subgroup. Here and until the end of ^3.1\ 
we suppose that H exists. 

Up to conjugating H if necessary, it follows that there exists a proper parabolic 
subgroup I? containing H and minimal with respect to this property. It 
is possible to choose Levi subgroups L oi H and Lq_ of Q- so that L C Lq_. 
From minimality of Q- it follows that L is very reductive in Lq and C Q1: in 
particular, i/" C Q" and the connected center C of L is contained in the connected 
center Cq_ of Lq_ . 

There exists also a wonderful subgroup K such that Q_ 1^ K H and K/H \s 
connected, that is a wonderful subgroup properly containing H and minimal in the 
following sense (see Section 2.3.5). 

Choose a Levi component Lk of K in such a way that Lq_ I) Lk ^ L. Then 
the following holds: 

(1) the Levi subgroups Lx, L differ at most only for their connected centers; 

(2) we have K"" D H"" D (isT", if"); 

(3) the quotient Lie if^/Lie is simple as L-module. 

These subgroups Q_ and K correspond rcsp. to two quotients S^/Aq_ and 

y'/AK of y. 

Let us now abandon the hypothesis that H exists. We usually find Aq_ and 
Ak which play the same role: 

- Aq_ , a minimal homogeneous subset of colors; 

- Apc, a special (not any) minimal (*)-distinguished subset of colors contained 
in Aq_, such that the wonderful subgroup K corresponding to ,5^ j Ak is 
known. 

We then find H inside as above. Assuming (L, V) — [Lk-, Lk), it remains to 
find C and ii". 



6 



P. BRAVI AND G. PEZZINI 



3.1.2. The connected center. The dimension of C is immediately given by the weh 
known formula: 

dim C = card A — card E. 

This integer is also called d(c5^), defect of 5^. 

Consider all B-proper rational functions on G/H having neither zeros nor poles 
along colors in Aq_ . Their B-weights form a sublattice ,y\^ of ZS: fix a basis ^ of 
it. 

For each color I? in A \ Aq_ define as the unique simple root moving D (this 
root is unique because Aq_ is homogeneous). Define also Ad to be the fundamental 
dominant weight associated to a^i, and AJj = —wa{\D), where wo is the longest 
element in the Weyl group. 

Finally, for all 7 £ ^/K, define A(7) to be the weight: 

E c(A7)-AJ, 

D6A\Aq_ 

restricted to the subgroup Cq_ . 

Lemma 3.1.1. The subgroup C is the connected part of the intersection of the 
kernels of the weights X{"f), for j ranging through (or, equivalently, 

Proof. Let 7 G -vK and consider a -B-proper rational function on G/H having 
B-weight 7. Call Fj the pull-back of on G along the projection G ^ G/H. 

Since f^ has neither zeros nor poles on colors of Aq_ , has neither zeros nor 
poles on the pull-backs on G of these colors. Its zeros or poles must then lie only 
on the puUbacks on G of colors of G/Q- along the projection G G/Q-. 

This means that F^y is (5-"Proper under right translation, and it is immediate to 
see that the Q.-weight of F^ is just A(7). But F^ is also of course iJ-stable under 
right translation, and this implies that A(7) is constantly 1 on G. 

Vice versa, suppose to have any weight x of Gq_ which is constantly 1 on C: 
considering x as a Q --weight, we can write it as a linear combination with integer 
coefficients of weights of the form AJ^ for D ranging through the colors of G/Q-. 

So X is the Q_ -weight (under right translation) of some rational function on 
G, call it F, which is S-proper under left translation and Q_-proper under right 
translation, whose zeros and poles lie on the puUbacks on G of colors of G/Q- 
along the projection G — > G/Q-. 

The function F under right translation is -stable and {Lq_ , LQ_)-stable; it is 
C'q- -proper but C-stable. Thus F is i/-stable, and it descends to a rational function 
/ on G/H . Having neither zeros nor poles along colors in Ag by construction, 
the function / is equal to f^ for some 7 £ ,yV . □ 

3.1.3. The unipotent radical. The unipotent radical " is a subgroup of K", con- 
taining {K'^jK") and such that Lie /Lie H" is a simple L-module. For compu- 
tations in particular cases, it is useful to recall that H^ is also a subgroup of , 
and that the quotient Lie Q" /Lie 77" is a spherical L-module. The following lemma 
follows from the results of [l0| . 

Lemma 3.1.2 f[10j). The spherical system ,5^ uniquely determines the structure 
of Lie /Lie H'^ as an L-module. 

Let us describe how to calculate the L-module structure of Lie /Lie H" start- 
ing from the spherical system S^. A fiber ^ of the morphism G / H ^ Q- is affine 
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and isomorphic to Lq_ xlV where V = LieQ" /LieiJ". Restricting S-proper 
rational functions on G/H to we obtain {B D LQ_)-proper rational functions: 
this induces a bijection between the associated lattices of B- (resp. {B D Lq_)-) 
weights (a proof of this fact can be found in [6]). 

Restricting {B n Lg j-proper regular functions from ^ to V, we obtain all 
C[V]^-^'^^\ On the other hand, regular functions on come exactly from rational 
functions on G/H having no poles on colors in Aq . 

Therefore the weight monoid of y as a spherical L-module is given by restricting 
to BOL all _B- weights in S that are non- negative on Aq_ . Finally, the classification 
of spherical modules is used to determine the L-module structure of V . 

3.2. Projective fibrations. We proceed completing the proof of Proposition l2.3?T] 
Let — {S'f, S, A) be a spherical system with a projective 5 G A. Set supp(5 = 
{a e S : 6 e A(a)}. 

Lemma 3.2.1. Suppose suppJ H supp(S \ S) 7^ 0. // there exists a wonderful 
variety Xs with spherical system S^/{S}, then there exists a wonderful variety with 
spherical system .y. 

Recall that (as said in H'Z.'d^ the assertion is true also if supp 6 n supp(S \ 5) = 0. 

Let us first prove that one can reduce to the case of card(supp5) = 1, so we 
assume the assertion in this case. 

Let X be a wonderful variety with spherical system with a projective 6 with 
card(supp(5) = 1. Let K be the generic stabilizer of Xs, with Levi decomposition 
K = Lk K^- Then a generic stabilizer H C K oi X has the same Levi factor L = 
Lk and unipotent radical i/", such that Liei?" is a 1-codimensional L-submodule 
of Lie if". 

Let =5^ be a spherical system with a general projective element 5. Let Xg be a 
wonderful variety with spherical system =5^/{(5}, and let K be its generic stabilizer 
with Levi decomposition K = LkK^- Then for each a € supp 5 we can consider 
the spherical system obtained from J^/{S} by adding the simple spherical root a 
such that one of the two corresponding elements of A(a), say 6'^ is projective, hence 
card(supp(5+) = 1. Then there exists a wonderful variety with this spherical system 
and generic stabilizer given by Ha = LnH^ where Lie H"^ is a 1-codimensional Lk- 
submodule in LieK". Take the subgroup H = L H" given as follows: Lie 7?" equal 
to a 1-codimensional {Lk, ii<-)-submodule in Lie if " and in general position among 
those containing 

n Lie 7?- 

a^^supp 5 

L equal to the normalizcr of i?" in Lk- Then H is the generic stabilizer of a 
wonderful variety with spherical system S^. 

Let now .y he a spherical system with a projective element 6 with card(supp 6) — 
1, say supp (5 = {a}. If there exists a (*)-distinguished subset of colors A2 disjoint 
from A(q;), then the subsets of colors Ai = {S} and A2 decompose the spherical 
system y. Therefore, by using the second case of Proposition l2.3.11 we can suppose 
that there exists no (*)-distinguished subset of colors A2 disjoint from A(a). This 
implies that the spherical system is indecomposable. 

Clearly, we can also suppose that the spherical system is cuspidal. 

Furthermore, we assumed supp (5 fl (E \ S") 7^ 0. 
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A careful combinatorial analysis then shows that the only possibilities are the 
following "minimal" spherical systems, which will be treated case by case in §4.41 

Here (and often in the rest of the paper) we describe spherical systems by pro- 
viding their Luna diagrams, see [4] for their definition. 

(1) G of type C„, n > 2 





? — ® 






O 




(2) 


G of type G2 








(3) 


G of type F4 







® ) C 





(4) 


G of type F4 






6> 


6 




' 





(5) 


G of type F4 


<o 



o o 

(6) G of type B„, n > 3 

( g — g! — --- ^ — IS ; ^ 

o 



3.3. Quotients of higher defect. The above discussion about projective colors, 
supposing card(supp 6) > 1, can be considered as a particular case of a more general 
situation. Let Ak be a minimal (*)-distinguished subset of colors of y, and recall 
the notation of ii3.1.1l We make the crucial assumption that d(J^/Ai<-) > d(^), 
namely C < Ck- 

One can then determine the unipotent radical by means of some localizations 
of . The idea is as follows. Suppose once again that H exists (with C < Ck)- 
The unipotent radical is of course stable under conjugation by Ck, and the 
same holds resp. for i/" and C. But H must be finite in its normalizer, hence no 
element of Ck \ C is allowed to normalize i/", otherwise it would be inside NgH. 

Now we want to discuss Lie /[Lie K^'- ,Lie K"] together with its L-submodule 
Lie i?"/ [Lie X", Lie X"] under this point of view. The former must be a sum of 
L/f-modules: 

Lie if"/ [Lie /C", Lie X"] ^V®W 

where is a sum: 

W = Wo®Wi® ...®Wk 

such that: 

(3.3.1) the diflFerence d(y/AK) - d{.y) is equal to k; 

(3.3.2) the modules Wq, . . . ,Wk are all simple and isomorphic as L-modules; the 
action of Lk differs on them only for Ck', 

(3.3.3) if Ck acts resp. with weights xo, ■ ■ ■ ,Xk, the connected component of the 
subgroup where xo, ■ ■ • , Xfc coincide is exactly C; 

(3.3.4) Lie H"^ /[Lie K"', Lie K^] is a submodule of codimension dim Wi and in gen- 
eral position among those containing V . 
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In other words Lie contains all Lie i^T" except for a certain part W, of which 
Liei?" contains only a "diagonal" submodule. 

The submodules Wi can be found studying the geometry of the wondeful em- 
bedding X of G/H . Call X & X the point having H as its stabilizer, and choose a 
1-parameter subgroup 77 of Ck- Any point on X of the form ri{t)x, for t G C*, has 
stabilizer rj{t)Hri{t)^^ . Consider now the limit: 

x(iq) = Ym\-q{t)x 

and its stabilizer H{rj) in G. Depending on 77, this point may lie in a non-open 
orbit; if we fix « G {0, . . . , fc} and suppose that 77 satisfies: 

Xi) = 1, and (?7, Xj) ^OVj 

then x(r]) lies evidently on a codimension 1 orbit of X, the group H{r]) has a Levi 
factor whose connected center G{t]) satisfies Gk 3 G{r]) D G and dim (7(77) = 
dimC + 1, and finally: 

LieF(77)"/[Lieii'",Lieif"] D Wj iff j = i. 

This gives a way to find starting from the stabilizers of points of X in 
codimension 1 orbits. 

Let us then rephrase the above procedure without appel to the existence of H. 

Let oS^ be a spherical system with Ak as above. For any 7 G S define Ak(j) to 
be Ak restricted to the localization =5^s\{^} of with respect to E \ {7}. Then 
there exist A: + 1 spherical roots 70, . . . , 7/c of ^ such that for alH = 0, . . . , fc: 

(3.3.5) A/f (7i) is a minimal (*)-distinguished subset of colors of S^^^^^.y, 

(3.3.6) we have: 

(3.3.7) supp(S \ {7,}) ^ S. 

Let us also suppose that the spherical systems (for all i) and S^/Ak 

correspond to wonderful varieties having generic stabilizers resp. Hi and K (with 
Hi C K). Then: 

(3.3.8) Levi subgroups Li of Hi and Lk of K can be chosen in such a way that 
{Li, Li) = {Lk,Lk) for all i; 

(3.3.9) with this choice, the connected centers Gi of Li are such that their connected 
intersection is equal to G as described in Lemma 13.1.11 

(3.3.10) each unipotent radical H^ contains {K^,K'^), in such a way that the quo- 
tients Lie 7?"/ [Lie i^", Lie i^"] are all isomorphic as (Li<-, I//i-)-modules; 

(3.3.11) there exist Lif -submodules V,Wi, . . . ,Wk of Lieis:"/[Lie/i:",Liei^"], with 
all the Wi isomorphic as C(Li<: , Lx)-modules, satisfying the conditions 
(3.3.2) and (3.3.3) above and such that Lie i?^/[Lie if Lie ivT"] (of codi- 
mension dim Wi in Lie if"/ [Lie if", Lie if"]) is in general position among 
those containing V and Wi, for all i = 0, . . . , k. 

Define G to be the connected intersection of the C^'s, and L to be G{Lk,Lk)- 
Define H^ in such a way that Lie H"^ /[Lie K"', Lie K^] has codimension dim Wi in 
Lie /[Lie K", Lie K""] and is in general position containing V; and H = LH^. 
Then: 

(3.3.12) H is wonderful and its spherical system is =5^. 
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Notice that once H is known to be wonderful, its spherical system is uniquely 
determined: let us use the subgroups II{r]) defined above, where ry is a 1-parameter 
subgroup of Ck- As before, we can choose r/o,. ■ . ,r]k such that H{r]i) = Hi. It 
follows that the spherical system of H has k + 1 localizations of rank r — 1 equal 
to the spherical systems of Hi. 

We claim that all the previous statements hold for any spherical system ^ with 
a quotient of higher defect y/Ax. When y is primitive, they can be explicitly 
checked case by case, obtaining the following: 

Proposition 3.3.1. The existence for primitive spherical systems with quotients of 
higher defect is a consequence of the existence for primitive sperical systems without 

quotients of higher defect. 

3.4. Tails. Another general procedure applies to all spherical systems =5^ obtained 
adding one of the following spherical roots 7 to another spherical system J^' (i.e. 
J/" is the localization of in S" C S, with S' U supp7 = S). We always have (or 
ask) that 7 glues on a unique connected component of S' of type A. 

If S' n supp 7 = (then there exists a unique spherical root 7' non-orthogonal 
to supp 7): 

6(m): if m > 1: 

® =^ 

support of type B^, 7 = Oip+i + ■ ■ . + ap+m, with all roots ap+i in except 
for ap+i; if m = 1: 

O 

6 

support of type Ai, j — a £ S \ with a the short simple root of a 
component of S of type B, c(£'+,7') = c(D~,7') = —1. 
b'im): if m > 1: 

2 

® ■ --- ■ > ■ 

support of type B^, 7 — 2ap+i + . . . + 2ap+rn, with all roots ap+i in 
except for a^+i; if m = 1: 

O 

support of type Ai, 7 = 2a, a G S \ with a the short simple root of a 
component of S of type B. 
d{m): if m > 2: 




support of type □„, , 7 = 2ap+i + . . . + 2ap+rn-2 + ap+m-i + ap+m, with 
all roots ap+i in S'^ except for aj,+i; if m = 2: 

©-1 
&- 

support of type Ai x Ai, 7 = a + a', a, a' € S \ with a, a' at the "end" 
of a component of S of type D (i.e. {f3 G S : a ^ P} = {(3 e S : a' /. /?}). 

If S"n supp 7^0: 
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c*(m): for m>2: 

© — ® =^ 

support of type C^, 7 ~ ctp+i + 2ap^2 + • • • + 2a.p^m_i + ap+m, with all 
roots ttp+i in except for ttp+i and ap+2, and <S" fl supp7 = {ap+i}. In 
this case we will say that 7 is overlapping. 

Definition 3.4.1. A spherical system has a tail in one of its spherical roots 

7, if 7 is one of the above cases 6(m), &'(to), rf(m), c*(m) and there exists a (*)- 
distinguished subset of colors A' such that the quotient j IS! has rank 1 with 7 
as spherical root and S'P = {/3e6':7_L/3}. 

The set of colors A' with the above property always exists if supp 7 is a connected 
component of S (so 7 is necessarily of type c*(m)): it is given by all the colors of 
S^' . Otherwise, if A' exists, it is given by all the colors of 5^' except one. 

Being of rank 1, the wonderful variety associated to 5^ j l^' exists: we call its 
generic stabilizer M G G. If our strategy is based on an induction on the number 
of tails, we can suppose the same for the wonderful variety associated to S^': we call 
its generic stabilizer K c Ls' ■ We will now see how these two subgroups determine 
a candidate subgroup H for the spherical system J^. 

3.4.1. Tail of type b{m). An example of this kind of tail is the rank 2 spherical 
system of S0(2p + 2m + 1): 

y = ({0:2, • • ■ , ckp-i, Q;p+2, . . . , Qjp+m}, {ai + . . . + ap, ap+i + . . . + ap+m}, 0) 
Its wonderful subgroup has Levi factor GL(p) x S0(2m) and Lie algebra of the 
unipotent radical equal to (g) C^™ A^C^. 

The quotient ^/A' is the rank 1 case: 

({ai, . . . , Q;p_i, Q!p+2, • • • , "p+m}, {ctp+l + • . . + Op+m], 0) 

whose wonderful subgroup is (GL(yi) x SO(2to))(5!1, and it is a parabolic induction 
by means of the parabolic subgroup Q_ = P-s\{ap}- The set S' is {ai, . . . , ctp}, 
and the localization S^' is: 

,9" = ({ai + . . . + ap}, {a2, • ■ • , Op-i}, 0) 

whose wonderful subgroup is GL(p) inside SL(p+ 1). The morphism ^a' restricted 
to y corresponds to the inclusion GL{p) c R- where R- is the maximal parabolic 
subgroup of SL(p + 1) associated to S' \ {ap}. 

Now let us discuss a general case. First of all supp 7 is never a connected com- 
ponent of the Dynkin diagram of G: let /3o be the unique /3o G 5* \ supp 7 with 
(3q / supp 7. Recall also that the connected component of the Dynking diagram of 
Ls' containing /3o is of type A. 

Let m = card(supp7). The system ,5^ j IS! is a parabolic induction of the won- 
derful S0(2to + l)-variety having generic stabilizer S0(2to), where the induction 
is done using the parabolic subgroup Q- associated to all simple roots except /3o- 
Therefore Q- has a Levi part Lq_ which contains the factor S0(2to+1): let us write 

Lq_ = LQ_xS0{2m+l). With these notations of course M = {Lq_ xS0(2m))Q1. 

On the other hand, we can look at the quotient by A' on the localization S": 
it follows that y itself has a quotient which is the rank variety having generic 
stabilizer equal to the maximal parabolic subgroup R- C G^ associated to S" \/3o- 
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Thus K is contained in i?_ , whose Levi part we denote by Lr^ . Choose a Levi 
part Lk of K contained in Lr . 

If ,y is not a paraboUc induction (e. g. if S^' is primitive), K does not contain 
i?" : in other words the L/^-module Lie i?"/ (Lie i?" fl LieX") is non-trivial. It is 
also easy to see that UeK"" = {UeRl n Lie if") + {UeLR_ n LieX"). 

By construction L/{_ can be identified with Lq_ : we can set L = Lk x SO (2m) as 
a subgroup of M. Moreover, the L/f -module Liei?" nLieJC" corresponds evidently 
to an L-submodule LieU of Lie Q", in such a way that U contains (<5",Q"), that 
SO (to) acts trivially on Q'i/U and the two quotients Lie i?":/(Lie n LieiiT"), 
Lie Q- /Lief/ are isomorphic as Li^-modules. 

The candidate if" is now U{Lji_ n K^'), and we can set H = L H^. 

3.4.2. Tail of type b'{m). This case is similar to the preceeding, the only difference 
is that we consider Nso(2m+i)SO(2TO) instead of S0(2to). 

3.4.3. Tail of type c* (to) . When supp 7 is not a connected component of the Dynkin 
diagram of G, this case is similar to b{m): the only difference is in the definition of 
L, where one must only use Sp(2to — 2) inside Sp(2to), instead of S0(2to) inside 
S0(2to-|-1). More precisely, we have Lq_ ~ Lq_ x Sp(2to — 2) x SL(2), and Lii_ = 
Ln X SL(2), where the second factor has simple root the first root of supp 7. Here 
Lfl_ can be identified by construction with Lq_ , and we set L — Lk x Sp(2to — 2). 

When supp 7 is a connected component of the Dynkin diagram of G, then ^/A' 
is not a parabolic induction: it is the wonderful Sp(2TO)-variety with generic sta- 
bilizer Sp(2to — 2) X SL(2). The definition of H proceeds as before, with the only 
difference that there is no part U . 

3.4.4. Tail of type d{m). This case is similar to b[m): we use S0(2to — I) inside 
S0(2to), instead of S0(2to) inside S0(2to + 1). 

3.4.5. Proof of existence in tail cases. 

Proposition 3.4.1. The existence for tail primitive spherical systems is a conse- 
quence of the existence for non-tail primitive sperical systems. 

Proof. We begin by excluding for a while tails of type b{m). Let then ^ be a 
primitive spherical system with only tails of type b'{m), c*{m) and d{m). 

We proceed by induction on the number of tails, so select a tail 7 and let H be 
the candidate subgroup determined in the previous subsections. Let us also use all 
the elements introduced above which depend on the choice of 7: the localization 
the set of colors A', and the subgroups M, K, Q_, 

The combinatorial characterization of the group of G-equivariant automorphisms 
given in [10] says that if y is associated to a wonderful variety, then the latter has 
trivial such group. This because there is no tail of type 6(to). The same statement 
holds for .y too. 

Therefore Nqs'K — K; from this and from the definition of H it follows that 
NqH — H. The subgroup H is hence wonderful. 

We must now prove that the spherical system -S^x = (<5'^, ^x, Ax) of the won- 
derful embedding X of G/H is equal to S^. First of all notice that Lk is a factor 
of L: call L the complementary factor of L; it is easy to see from the definition of 
H that it can be chosen in such a way that H is i3-spherical and L is {BD isupp7)- 
spherical. 
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Let US call /3i,/32 (and /Ja) resp. the unique simple root of supp7 not orthogonal 
to \ supp7 and the simple root(s) moving the color whose functional is positive 
on 7. 

Our first claim is that 7 G Sx- To prove it, first consider the case (supp7) \ 
/32, /?3} — 0- Here the tail is 6'(f),c*(2) or d{2) and the combinatorics of 
spherical systems implies easily that 7 e Ejf , using the fact that NqH = H, that 
the variety X is not a parabolic induction, that the subgroup H is contained in M 
and that we have d{5^x) = d(J^') for these kinds of tail. 

Now suppose (supp7) \ {/3i, /32, /?3} 7^ 0- Call X' the wonderful embedding of 
G/M: its spherical system is a quotient of ,fy^x thanks to the inclusion H C M . 

Consider also the localization X" of X' in supp7. It is the wonderful Lsupp7- 
variety having spherical system ((supp7) \ {(32, {7}, 0): its generic stabilizer is 
{Lm,Lm)- If we conjugate {Lm,Lm) with an element of U-a for a £ (supp7) \ 
{1^1, h, Pz] then it remains a, {B C\ Lsupp7)-spherical subgroup, where U-a is the 
1-dimensional unipotent subgroup of G associated to —a. 

Given the definition of i/, this ensures that if we conjugate H with the same 
element of J7_Q then it remains _B-spherical: in other words (supp 7) \{/3i, /32, /^s} C 
5'^. This implies immediately that 7 G Sx, thanks to a quick check on the lists of 
spherical roots in types B, C, D and the related allowed sets (and again the fact 
that X is not a parabolic induction, H C M and NqH = H). 

Let us now consider the localization Y oi X on S' . Our second claim is that 
this localization has spherical system S^' . To prove it, consider the G-equivariant 
map from X to the wonderful embedding of G/M: restricted to y, it is a map 
onto Ls'/R-. From the definition of H, it is obvious that the latter map and the 
map from the wonderful variety of .y" to Ls'/R- have fibers with the same open 
i?_ -orbit: it follows that Y has spherical system ,5^' . 

This finishes the proof if we exclude tails of type h{m). Now let J?' be a primitive 
spherical system with k tails of type h{m) (with possibly different values of m of 
course), and call again H the candidate subgroup given in the previous subsections. 
Call 71, . . . , 7/j the k tails of type b{m), and define .y the same spherical system as 
y with each 7^ replaced by 27^. 

By the first part of the proof, y is the spherical system of a wonderful variety 
X; by the definitions of the candidate generic stabilizers given in the previous 
subsections it is clear that the generic stabilizer of X is equal to NqH, and that 
[NgH : H] = 2*=. Now the sub group NqH is spherically closed, and we conclude 
thanks to the description given by Luna in [12 of spherical subgroups having a 
fixed spherical closure. □ 

4. Explicit computations 

4.1. Reductive cases. We discuss the reductive primitive cases first. They are in 
some sense the "basic" cases in view of our approach via morphisms, see H3.ll 

For G a product of classical groups of type A and D, we refer to the published 
work [5] . Table [T] contains the list of reductive wonderful subgroups of products 
of classical groups where at least one factor has type B or C (some of them have 
been already analyzed in 13] and [3]). A more explicit description of the spherical 
systems here represented by diagrams can be found in [2]. 
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Table 1: Reductive cases for products of classical groups with at least 
one factor of type B or C. 

b{m), m>2 



H = SO(2m), inside SO(2m + 1) 



6'(m), m > 2 



H = NS0(2m), inside S0(2m + 1) 



6** (3) 



H = G2, inside S0(7) 



c(m), m > 3 
» =^ 



H = SL(2) X Sp(2m - 2), inside Sp(2m) 



aa(l, 1) + c*(m), m > 2 

@ ..... =^ 

= SL(2) X Sp(2m-2), 
inside SL(2) x Sp(2m) via the map {X,Y) h-c (X, X ® Y) 
&**(3) + 6*(4) 



g = NS0(7), inside S0(9) 



o(l) + c*(m), m > 2 
O „ 



O 

g = C* X Sp(2m - 2), inside Sp(2m) 



a'{l)+c*{m), m>2 



O 

H = N(C* X Sp(2m - 2)), inside Sp(2m) 



bx{3,2)+c*{m), m>2 



6> o^<(5~^ i- o><6 

~9 o ° "' ' ' ? ^ 

H = Sp(2m) X Sp(4), 

inside Sp(2m + 4) x Sp(4) via the map {X, Y) ^ {X ® Y, Y) 

te(3,2) 

the localization of bx{3, 2)+c*(m) in {ai, 02, as; a'l, 02} 

H = Sp(4) diagonally embedded in SL(4) x Sp(4) 

te(2, 1,1) +c*(m), in > 2 
the localization of 6a;(3, 2) + c*(m) in {ai; as, 04, ■ ■ • , Qm+s; a'l, 02} 
ii" = Sp(2m - 2) x SL(2) x SL(2), 
inside Sp(2m) x SL(2) x Sp(4) via the map {X, Y, Z) 1-^ {X ®Y, Z,Y ® Z) 

hx{2, 1, 1) 

the localization of bx{?>, 2) + c* (m) in {ai; as; a'l, a2} 
H = SL(2) X SL(2), 
inside Sp(4) x SL(2) x SL(2) via the map {X, Y) ^ {X ® Y, X, Y) 
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Table 1: Reductive cases for products of classical groups with at least 
one factor of type B or C (continuation). 



ao(l, 1) + c*(m) + c*(n), m,n> 2 
{ ® ► 



H = Sp(2m - 2) X SL(2) x Sp(2n - 2), 
inside Sp(2m) x Sp(2n) via the map {X, Y, Z) {X Q)Y,Y ® Z) 
aa;(l,l, l) + c*(;) + c*(m)+c''(n), l,m,n>2 



-®- 



H = Sp(2/ - 2) X Sp(2m - 2) x Sp(2n - 2) x SL(2), 
inside Sp(2Z) x Sp(2m) x Sp(2n) 

via the map {X, Y,Z,W) ^ (X ®W,Y ®W,Z ® W) 



ax(l, 1, 1) + c*(/) + c*(m), l,m>2 
the localization of ax{l, 1, 1) + c*{l) + c*(m) + c*(n) in 
{ai, . . . ,ai;a'i, . . . , am;a'{} 
H = Sp(2Z - 2) X Sp(2m - 2) x SL(2), 
inside Sp(2<) x Sp(2m) x SL(2) via the map {X, Y,W) i-^ {X eW,Y O W, W) 

oa;(l,l,l) + c*(0, / > 2 
the localization of ax{l, 1, 1) + c*{l) + c*(m) + c*(n) in {ai, . . . , ai;a'i;a'{} 
// = Sp(2/-2) xSL(2), 
inside Sp(2Z) x SL(2) x SL(2) via the map {X, W) ^ {X ® W, W, W) 



6><i 



cx{3 2) 

6> o><6 



H = Sp(4) X SL(2), 
inside Sp(4) x Sp(6) via the map {X, Y) ^{X,X® Y) 



bx{2, 1, 1) + c*(m) + c''(n), m,n>2 



6 

_y ' o Ud~ 



H = SL(2) X SL(2) X Sp(2m - 2) x Sp(2n - 2), 

inside Sp(4) x Sp(2m) x Sp(2n) 
via the map {X, Y,Z,W) ^ {X ®Y,X e Z,Y ® W) 



cc{p,p), p > 3 
® ©— © ^=5=^ 



© @- 



-© 



H = the normalizer of Sp(2p) diagonally embedded in Sp(2p) x Sp(2p) 



©- 



bb{p,p),p>2 
-©— © 8=J= 



© ©- 



-© ^=S=^ 



ii = S()(2p+ i) diugoually omboddod in S()(2i) + i) x HO(2p + i) 
cc{p + q), p >2 even, q >2 



H = Sp(p + 2g - 2) X Sp(p + 2), inside Sp(2p + 2q) 
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Table 1: Reductive cases for products of classical groups with at least 
one factor of type B or C (continuation). 

cc'(p + 2), p >2 even 



H = N(Sp(p + 2) X Sp(j3 + 2)), inside Sp(2p + 4) 



ca'(m), m > 3 



O O O O O 

H = NGL(m), inside Sp(2m) 



ca(m), rn > 3 

<o 



O O O O O 

H = GL(m), inside Sp(2m) 



ba'{m), m >3 
H = N GUrn), inside SO(2m + 1) 



ba{m), m > 3 
(V, — ig — igf^ ■ ■ ■ 

H = GL(m), inside SO(2m + 1) 



a(l) + 6'(m), m > 1 

0> 2 



o 

H = C* X S0(2m + 1), inside S0(2m + 3) 



bo(p + q), p,q>l 

2 



o o o 

H = N(SO(p + 1) X SO(p + 2g)), inside SO(2(p + g) + 1) 
ay (2 1) + c*(m), m > 2 

6> o (|) ^, 

O 

J7 = SL(2) X C* X Sp(2m - 2), 
inside SL(3) x Sp(2m) via the map {X, a, Y) ^ (g' e g-^X, X ® Y) 

ax(l+p + 1, 1) + c*(m), p > 1, m > 2 
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H = SL(p + 1) X C* X SL(2) X Sp(2m - 2), 
inside SL(p + 3) x Sp(2m) 
via the map (Xi, o, X2, Y) ^ (a^+^Xi © o'^Xa, X2 Y) 



bx{3,3) 

6> 6 <6 6> 6><C h 

y ? 9 Q_?_l^ 



H = SO(6) diagonally embedded in SO(6) x SO(7) 
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Table 1: Reductive cases for products of classical groups with at least 
one factor of type B or C (continuation). 



dx(p,p), p>4: 



O O 



o> 0><0 

O O O 



o 
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H = S0(2p) diagonally embedded in S0(2p+ 1) x SO(2p) 
dx(p — p > 4 

the localization of dx(p,p) in {q2, . . . , Ofp; q'i, . . . , a^} 
H = S0(2p - 1) diagonally embedded in S0(2p - 1) x SO(2p) 



Let us now prove existence for the systems in Table[T]which are neither tail cases, 
see H3.41 nor strict, see [3]. It is enough to analyze the following few cases: we can 
skip systems of rank < 3, which are well known, and systems that are localizations 
of others. 

First of all, we examine the cases with defect 0. 

- 6a;(3, 2) + c*(to): Despite the presence of the spherical root c*(m), this case 
is not a tail one: there is no subset of colors A', in the notation of §3.41 

The candidate subgroup H is equal to its normalizer, hence wonderful: 
call J/^ the corresponding spherical system, with set of spherical roots E. 
The group H is contained in the subgroup Sp(2m) x Sp(4) x Sp(4) (inside 
Sp(2m + 4) X Sp(4) by means of {X,Y,Z) ^ {X®Y,Zj) and this induces a 
morphism to its wonderful embedding, which has the rank 2 system ac(3) + 
c(m) (times a trivial factor under the action of Sp(4)): 

From this morphism we deduce that ai, . . . , arn+2 G suppS. 

Moreover, =5^ admits no factorization and so we have that a[ and/or 
a'2 is in suppE. The two colors moved by a2 and by 014 on the system 
ac(3) + c(m) must lift to two colors on .y. If we examine all primitive 
systems having defect with the help of these considerations, we easily see 
that y must be 6x(3, 2) + c*(to). 

- cx(3, 2): Since H — NqH, then H is wonderful. It is included in H' = 
Sp(4) X SL(2) X Sp(4) (by means of {X,Y) ^ {X,Y,X)) and H' in G ^ 
Sp(4) X Sp(6) (by means of {X, Y, Z) ^ {X,Y ® Z)). The spherical system 
of the wonderful embedding of G/H' has diagram 

. — at ; 

and this assures that a'l, 013 G suppE. 

Since H is indecomposable, there must be some spherical root having 
support also on ai and/or a2- Also, H is not a parabolic induction so one 
concludes that both at and are in suppE. We exclude the presence of 
any ai x oi spherical root and the presence of any c*(m) spherical root 
because the only chances for them to appear would lead to the system 
oa(l, 1) + c*(m) + c*(n) (already known) or to a system where the defect 
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is non-zero. So S = S". If we examine all primitive systems having defect 
with the help of these considerations, we easily see that the corresponding 
spherical system must be cx{2,3). 
- dx{p,p), p > 4: Again, H = NgH so H is wonderful. It is diagonally 
included in H' ^ S0(2p) x S0(2p) and H' in G ^ S0(2p+ 1) x S0(2p) 
(by means of S0(2p) C S0(2p+ 1)). The spherical system of the wonderful 
embedding of G/H' has the following diagram. 




Therefore, this case is similar, one can deduce that 2 = 5 and again the 
condition d = forces the system to be dx{p,p). 

The cases dx{p — l,p), bx{3,3), bx{3,2), bx{l,l,2) are localizations of 
dx{p,p). 

Let us now discuss the two remaining cases: they both have defect 1. 

- ca{m): The candidate subgroup is spherically closed. One can see G/H 
as the set of couples of TO-dimensional subspaces of C^™ satisfying the 
conditions: 

G/H = {(7ri,7r2) | tti,7T2 C C^", diinTr,; = m, tti n 7r2 = 0, J\^, = 0} 

where J is the bilinear form defining the group Sp(2m). If B is the Borel 
subgroup stabilizing the flag . . . C Vi C Vi+i C ... of subspaces of C^™ 
with dimVi = i, then the conditions: 

771 nVm^ 0, TT2 H F„ ^ 

give two colours which are swapped by the action of the group NqH/H = 
Z/2Z. Moreover, these two colours are moved only by am so a„i £ S. If 
one localizes on S' — {ai, . . . , a„i-i} then one obtains a localization with 
defect equal to zero, and this forces the system of H to be ca{m). 

- ha{m): This case is similar to ca{m). 

4.2. Non-tail cases in type C. For G containing components of type C, there are 
non-reductive primitive cases which are not tail cases, but do contain a spherical 
root of type c*(m): there is no subset of colors A' with the required properties, in 
the notations of i j3.4l Also, for them L doesn't contain the typical factor Sp(2m — 2) 
found in tail cases. We give as an example the following case: 

- ae7(5) + c*(to): 




^ ? o ? ? 

The subsets of colors Aq_ and A^j- defined in i )3.1l are both equal to 
{D+,D^,D+,D^,Dl,De], theveiove Q ^ = K = P_s\{c.,}- 



It follows that H has Levi component L = Lk = Lq_ isogenous to GL(3) x 
Sp(2m -|- 2), and the unipotent radical of H is the unique L-submodule of 
where Sp(2m -1- 2) acts trivially. 
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The existence proof goes as follows. The subgroup H is wonderful, since 
H = Nci?; it is included in K, and also in the wonderful subgroup Sp(6) x 
Sp(2m + 2). The latter is cuspidal of has rank one, with spherical root 
c*(m + 4). The wonderful variety X with generic stabilizer H is hence 
cuspidal, and there are four colors each moved by exactly one of the simple 
roots a2, 0£3, a^, aQ. This forces by dimension reasons, and hence l^x 
is determined. The family Ax follows easily from these considerations and 
d{X) = 0. 

4.3. Primitive cases in type B — C. In Table [2] we list some primitive spherical 
systems, without quotients of higher defect and without tails, for G a product of 
classical groups with at least one factor of type B or C. The remaining spherical 
systems (primitive, without quotients of higher defect and without tails, in type 
B — C) can all be obtained by localization from those listed in the tabic. 

For each system, we describe the generic stabilizer H, together with a parabolic 
subgroup (5_ with compatible Levi decompositions: H ~ L and Q- = Lq_ Q" 
with C Q" and L — Lq n H. Here the connected center of L is always equal 
to that of Lq_ , due to the absence of quotients with higher defect. 

We denote by Vl(7) the simple L-submodule of LieQ" of highest weight 7. To 
simplify notations, we write highest weights for L-modules as T-weights, which 
must be intended as implicitly restricted to TnL. When it is more convenient, we 
describe the i-module Q" /iJ" instead of i?". 

Table 2: Primitive cases for products of classical groups with at least 
one factor of type B or C. 



bc*{m), rn > 2 even 
(^''^'W^'g ^----^ — ® y O 

(L,L) = Sp(m) 
H"" = {Q-,Q-) 



ac* (rn) + c* (n) , m > 2 even, n > 2 
g) ig) igr --- g) ® ^ 

(L, L) = Sp(m + 2n - 4) X Sp(m) 
inside Lq_ via the map {X, Y) {X © Y) 



aa{l + 1 + 1) + c*(m), m > 2 




-P-{Qfl,Q3,...,Q!„ + 2} 

L = Lq_ 

jJ" - (Q-,Q-) 
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Table 2: Primitive cases for products of classical groups with at least 
one factor of type B or C. (continuation) 

6 <(5^^> <6 

( ;) o o 9 

Q— {ai,a3,a4} 

(L,L) = SL(2) xSL(2) 
inside Lq_ via the map {X, Y) i-> (X, X © Y) 

Ql / jj-" = 

ce7(5) 

6> o <6> o><6 

(^ O o 

Q— {ai,a2,Q;4,a5} 

L = Lq_ 

g" = 

bw{3) 
6 i> O 

9 Q 9 

(L,L) = SL(2) 
inside Lq_ via the map X i— > (X, X) 

2-comb + a{p), p > 1 

o o 

Q— = f'-{Ql,...,C«p} 

L = Lq_ 

Jj-" = 14(-ap+2) e VL{-ai - 2q2 - . . . - 20^+2) 

aa;(l +P + 1 + 1 + 1) + c*(m), p > l,m > 2 



6> g,...,^ <6 O 6 

Q- ~ ^-{oil,-.;0:p,ap^2,ocp+4„---,ocp+m+3} 

L = Lq_ 



ax{l + p + 1, 1) + a{q), p,q> 1 

? """ 9 """ 9 



Q- ~ -P-{ai,...,ap,c<p + 2> - >a!p+<,^i,ap+g+3} 

J?'' = VL(-ai - ... - ap+,+i)e 
Vl(— ai — ... — Op+i — 2ap+2 — ... — 2ap+q+2 — Op+q+s)© 

Vl(-2q;i — ... — 2ap+q+2 — Op+q+s)® 
Vz,( — 2ap+2 — ... — 2ap+q+2 — Up+q+s) 
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Table 2: Primitive cases for products of classical groups with at least 
one factor of type B or C. (continuation) 

aa;(l+p + l, l) + o(l), p> 1 

c57 



0> CH 



9 Q P 



yL(-2Qi 



*?- ~ -P-{c«l,a3,...,ap+2,ap+4} 



2a 



p+2 ■ 



2a, 



P+3 



>ip+4,) 



2ap+3 — cep+4) ® VL(—2ap+2 — 2ap+3 — ap+4) 



bx{3 2)+a{q),q>l 

~6> o <^ 



LO o o 
I liz 



Q- -P-{ai,---,«,+2,ag+4,ag+5} 

L = Lq_ 

= {Q1,Q1) 



ay{2 + 1 + 1) + c*(m), m > 2 

O <i> o^<5^„ 



o o 



Q- ~ -P-{a2,c«4,---,c«m+3} 



ay( 2,l)+a(g), g> 1 

o <6> 



o 



9 



Q- 



L = Lq_ 
= VL{-ai - ... - aq+i)e 
VL{-ai - 2a2 - ... - 2aq+2 - a^+s)® 
Vh{—2a\ — ... — 2aq+2 — Oq+s)© 
Vi,(— 2q;2 — ... — 2aq+2 — Oq+s) 



at/(2 l)+a(l) 

o <A> oxA 



o o 



Q— — -^—{02,0:4} 
L = Lq_ 

-ff" = VL(-ai - 02 - 2o:i - 0-4) ® VlC-Q':', - 04)® 
Vl(-2(.u - 2<\2 - 2<\:! - <\4) \L(-2a:i - (.14) 



ay{2,l)+b%2) 

6> o> „ A 



o 



'^—{CKl 103,04} 

{L,L) = SL(2) X SL(2) 
inside Lq_ via the map {X, Y) 1-^ {X,X ® Y) 
Q1/H'' = C^ 
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Table 2: Primitive cases for products of classical groups with at least 
one factor of type B or C. (continuation) 



byip,p) + a(q), P > 2,g > 1 

(!) <(!) <6 <6> <6 <6" 



<o <i 



o o o o o o 

1 : '— ' ' ^ I 

Q- ~ P-{ai,...,a2p + g-i} 

{L,L) =SL{p + q) X SL{p) 
inside Lq_ via the map {X, Y) {X ® Y) 



by{p,P - 1) + a(g), P > 2, g > 1 



<6 O <6 <0 <i 



i 



Q- ^ -^-{ai,---,a2p + g-2} 

(L,L) =SL(p + g- 1) X SL(p) 
inside Lq__ via the map {X, Y) (X ® F) 



067(5) + c*(m), m > 2 

6> O <i> o^<S~^ 

@ 

= (Q!i,0!i) 



Let us discuss a few examples from Table [2j 

- by(ji,p) +a{q). We have (5_ = P-{ai,...,a2p+q-i}j ^^'^ the quotient by Ak 
is the following parabolic induction of aa{{p — 1) + (g + 1) + (p — 1)): 

® ( p g! — ^ — !S (p ^=i=« 



It follows that {L,L) is equal to SL(p + q) x SL{p) inside {Lq_, Lq_) — 
SL(2p + q) via the map {X,Y) 1-^ X (BY. The unipotent radical has 
codimension p + q inside , and this determines uniquely, in such 
a way that Q^/H" = C^*. To prove that this gives a geometric real- 
ization of by{p,p) + a{q), we observe that H is wonderful and its spher- 
ical system is not a parabolic induction. It has only two quotients, 
induced by the inclusions H G K and H C thus is primitive. 

Then ai, . . . , ctp, ctp+q-i-i, . . . , a2p+q must be spherical roots, with and 
a2p+q+i^i having a color in common, for i — I, . . . ,p. The other colors in 
A follow immediately; dimensions and the inclusion H C K force to be 
byiP,P) + a(g). 
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- ay {2, 1) + 6* (2) and by (A). These two cases have same defect, same dimen- 
sion, and they both admit a quotient equal to: 



which is parabohc induction of the rank 2 reductive case for SL(2) x Sp(4) 
with generic stabihzcr SL(2) x SL(2), embedded via the map {X,Y) ^ 
{X,X Y). This is also the commutator of the Levi part L of H. The 
parabolic subgroup Q- is P-{ai,a3.a4}i it remains to find inside 
Q^, a L-submodulc of codimension 2. 

The (SL(2) X SL(2))-module Q!i is C ® C^^ ® C|, © (Sym^C^ (g) C|.), 
where (Q" , Q" ) is the summand C. Therefore may be obtained cutting 
C^f or Cy. The two choices will give two different generic stabilizers, both 
wonderful. It is then easy to show that they must correspond to our two 
systems. To decide which is which, it is enough to observe that ay(2, 1) + 
6* (2) admits also a quotient to the rank 1 case: 



which gives an inclusion H C 5*0(8). 

.4. Minimal cases of projective fibrations. For any minimal case of iJ3.2l we 
eport a generic stabilizer H with notations as in tj4.3l We denote by Vj\/(7) the 
imple M-submodule of Lie Q" of highest weight 7, where M can be L or Lq_ . 
The first two cases are of rank two and already known. 

(1) H is reductive, equal to the Levi factor of the parabolic subgroup Q- = 
P-{a2,..:a„}- By the way, this is a tail case already discussed in 13.41 

(2) Q_ is equal to P-{a2}^ L is equal to Lq_ and LieiJ" is equal to Vl(— 3ai — 

Q!2). 

(3) Q- is equal to ^'-{qi.q2.q3}j i is C* x SL(4) and LieiJ" is the complemen- 
tary of VL{—a4) © Vl(— ai — 2a2 - Sas — 204). 

(4) Q- is equal to i is C* x GL(3) and LieiJ" is the complementary 
of VLi-as) e VL{-a3 - 04) © VL(-a4). 

(5) Q_ is equal to P-^a^j, L is (C*)^ x SL(2) and LieTJ" is the direct sum 
of simple L-modules as follows: m diagonal in ¥£,(— ai) © as), plus 
(m, m), plus all the simple modules in LieP" except VL{~cti), 0^3), 
VLi-ai), VL{-ai - a2- as - "4) and Vl(-Q!2 - 2a3 - 04). 

(6) (a) If n is even, is P-{ai,...,a„-i}^ L is C* x Sp(n) and LieiJ" is just 

the simple L-submodule of codimension 1 in Vlq (— a„-i — 2a„). 
(b) If n is odd, Q- is P-{a2,...,a„-i}, L is C* x Sp(n - 1) and Lie_ff" is the 
direct sum of four simple L-modules ©f^itni. The module mi is diago- 
nal in Vlq_ {~cti) (BVlq_ {—an)- The module m2 is equal to (mi, mi). 
The module is a codimension 1 L-submodule of Vlq_ (— an_i — 
2a„). The module m4 is equal to V^q {—ai — 2ai — ... — 2q;„). 
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